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In order to describe a steady-state plasma equilibrium in tokamaks, stellarators or other non- 
axisymmetric configurations, the model of ideal MHD with isotropic plasma pressure is widely 
used:

0 = — V/7 + j  x B .

The ideal MHD-model of a toroidal plasma equilibrium requires the existence of closed mag­
netic surfaces. Several numerical codes have been developed in the past to solve the three-dimen­
sional equilibrium problem, but so far no existence theorem for a solution has been proved. 
Another difficulty is the formation of magnetic islands and field line ergodisation, which can 
only be described in terms of ideal MHD if the plasma pressure is constant in the ergodic region. 
In order to describe the formation of magnetic islands and ergodisation of surfaces properly, 
additional dissipative terms have to be incorporated to allow decoupling of the plasma and 
magnetic field. In a collisional plasma, viscosity and inelastic collisions introduce such dissipative 
processes. In the model used a friction term proportional to the velocity v of the plasma is 
included. Such a term originates from charge exchange interaction of the plasma with a neutral 
background. With these modifications, the equilibrium problem reduces to a set of quasilinear 
elliptic equations for the pressure, the electric potential and the magnetic field. The paper deals 
with an existence theorem based on the Fixed-Point method of Schauder. It can be shown that a 
self-consistent and unique equilibrium exists if the friction term is large and the plasma pressure 
is sufficiently low. The essential role of the dissipative terms is to remove the singularities of the 
ideal MHD model on rational magnetic surfaces. The problem has a strong similarity to Benard 
cell convection, and consequently a similar behaviour such as bifurcation and exchange of 
stability is expected.

1. Introduction

In ideal MHD theory the simplest model o f a 
plasma equilibrium is the one-fluid model with a 
scalar pressure p. The pressure gradient is balanced 
by the electromagnetic force j  x B:

0 =  — V p + j x B \  S7xB =  j .  ( 1)

In configurations with one negligible coordinate 
(axisymmetry or helical symmetry) this nonlinear 
problem leads to a Grad-Shafranov type o f equa­
tion, which is nonlinear and elliptic. In general 
toroidal equilibrium there is no such symmetry and 
so far no existence theorem for solutions o f (1) has 
been established. Nonetheless codes have been 
developed which calculate approximate solutions of 
(1). The basic problem in 3 dimensions is the exis­
tence o f toroidally closed and nested surfaces, which 
is required in order to find nested pressure surfaces.
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This strong coupling of pressure surfaces and mag­
netic surfaces is the result o f

B S / p  =  0 .  (2)

The low -ß  expansion as proposed by Spitzer [1] tries 
to solve the system (1) by the following iterative 
process:

0 =  -  V/?„ +  j n+, x , V • j n+, = 0 1  

V x Bn+\ = j„ + l  , V - ß „+1 =  o[

n =  1, 2 , . . . .

In every iteration step p n is obtained from Equa­
tion (2).

There is no proof that magnetic surfaces always 
exist during this process. Furthermore, on rational 
magnetic surfaces — the rotational transform is a 
rational number — the well-known condition $ d l /B  
=  const has to be satisfied if Vp =# 0 on this surface. 
Otherwise the current density j  on rational surfaces 
diverges. As discussed by Grad [2], this constraint 
leads to a pathological pressure distribution with 
p'(y/) =  0 on all rational magnetic surfaces. The
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derivative of p  with respect to the flux coordinate y/ 
is a discontinuous function. In a collisional plasma, 
however, the pressure distribution is the result o f a 
diffusion process. Diffusion processes are usually 
described by second-order differential equations 
with continuous and continuously differentiable 
solutions. The diffusion process eliminates the dis­
continuities o f the ideal model and results in p ( x )  
with continuous first-order and second-order deriv­
atives.

In order to describe a steady-state plasma these 
collisional processes should be included. In the ideal 
MHD model inertial terms and viscosity terms are 
neglected. Both terms lead to a small variation of  
the plasma pressure in the magnetic surfaces. An­
other dissipative process is momentum exchange via 
charge exchange between the plasma and a neutral 
background. For simplicity we assume the neutral 
background to be at rest, then the momentum loss 
term of the plasma is proportional to the macro­
scopic flow velocity r. In a steady-state plasma this 
friction term is always present since the plasma 
losses have to be balanced by some kind o f refuel­
ling mechanism which introduces neutral gas into 
the plasma. Ionisation o f this neutral gas is the 
source term S o f the plasma density.

Thus, in general, Eq. (1 a) should be replaced by

g r  ■ Vi- +  Vr  +  oc*’ =  -  Vp + j x  B , V x B = j  (4)

with £ =  mass density, Vr =  viscosity term, ocr =  
friction term. Here a =  n m v i0, where v,0 is the 
charge exchange frequency depending on the neu­
tral gas density and n is the plasma density. Both 
viscosity and charge exchange friction describe m o­
mentum losses o f the plasma or, in mathematical 
terms, both operators are hermitian and positive 
definite. Both effects are small compared with Vp 
and j  x B. The essential role o f these terms is to 
modify the momentum balance parallel to the mag­
netic field. The two effects only differ in their 
mathematical structure. Inertial terms and viscosity 
terms contain first-order and second-order deriva­
tives of the velocity r. Including these terms would 
increase the mathematical complexity o f the prob­
lem appreciably.

The simplest change of the ideal MHD picture is 
to take just frictional dissipation into account. Then 
(4) is algebraic in the velocity r. The plasma losses 
have to be balanced by a source term S' >  0, and the

complete set o f equations o f the dissipative model is

Vp =  j x  B — i r  , (5)

V</> =  r x / ?  — r j j , (6)

V • j  =  0 , V • 77 r =  S  , (7)

V x B =  j , V B =  0 (8)

with 0  =  electric potential, 77 =  Spitzer resistivity.
The friction term decouples the plasma and mag­

netic field since

B Vp =  — <xr ■ B ±  0 .

The pressure and density are correlated by p  = nkT.  
In principle the temperature is determined by the 
equation of thermal conduction, which allows one 
to calculate T  if  r, n and the heat source are given. 
For the sake o f simplicity, however, we only con­
sider the case o f an isothermal plasma with T  =  const. 
Then we could replace k T  by 1 and 77 by p  or vice 
versa.

The procedure o f solving the system (5 )- (7 )  is 
the following:

Equations (5), (6 ), (7) are solved for j ,  r, p &  with 
B given. Then from (8 ) we obtain a magnetic field 
/?,. This procedure provides us with a mapping F  
which maps a set o f functions B into another set o f 
fields B ,:

F: B ^  B x.

The system (6 ) - ( 8) has a solution if this mapping 
has a fixed point. The solution of (8) with j  given is 
a standard problem of electrodynamics. With the 
boundary condition B —> 0 at infinity, the solution 
of (8) is

G I

For any Holder-continuous function j (x')  the solu­
tion B , exists and has continuous derivatives which 
are also Holder continuous with the same coeffi­
cient. The two more difficult steps of the problem 
are to prove a solution o f (5 ) - (7 )  with B given and 
to prove the existence o f a fixed point o f the map­
ping F. In solving ( 5 ) - (7 ) ,  no constraints on the 
magnetic field have to be imposed except that the 
field has continuous derivatives of the first order. 
This is satisfied for any magnetic field produced by 
continuous currents. Neither is the magnetic field 
required to have magnetic surfaces nor does the
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d is tinc tion  betw een ra tiona l and  irra tio n a l m agnetic  
surfaces p lay  any role. C erta in ly  the  so lu tio n  o f  the  
system  will depend  critica lly  on the  is lands fo rm a­
tion  o r ergodicity  o f  the  field  B. T h e  basic  p ro b lem  
is to show  under w hat cond itions so lu tions o f  (5 ), 
(6 ), (7) exist. T his p ro b lem  has to  be solved in every 
s tep  o f  th e  low-/? expansion . T he fo llow ing  section  is 
devoted  to an existence th eo rem  for so lu tions to  (5 ), 
(6 ), (7) w ith B  given.

2. Basic System

Since (5) and (6 ) a re  a lg eb ra ic  in j  an d  v, th e  sys­
tem  can easily be inverted  w ith respect to  v and  j .

J =

v =  —

B- +  y.rj
xV , 0  -  crV 0  -

1

B ~ +  ir ]
V/7 x B

1
—y ~— rjV Lp ------ V,| p — - y
B ~ + i t ]  y. B ~ + i r ]

V0  x B

w ith
(9)

v,= J r (*  v...) v ± =  V -  V .

Inversion  o f the system  is only possib le  if  bo th  
coeffic ien ts a and r] rem a in  fin ite. In th e  case o f 
y. -> 0 or rj -*■ 0 the  p ressu re  p  o r th e  p o ten tia l <Z> m ust 
be constan t on m agnetic  surfaces, w h ich  again  
im plies strong coup ling  betw een  th e  p la sm a  and  
m agnetic  field. T he velocity  v can be  in te rp re ted  as 
th e  sum  o f  a p e rp en d icu la r d iffu sio n  velocity  w ith  
th e  d iffu sion  coefficient

Z), =
nrj

B 2 +  oln

and  a paralle l d iffu sion  velocity  w ith  coeffic ien t
D  = n l  a.

iv =
V & x B  

B 2 +  y.r]
(10)

is the convective velocity  arising  from  the  elec tric  
field. Inserting (9) in to  (7) y ields tw o e q u a tio n s  for 
p  and  0 :

v - l * V± 0  +  crV 0
v  Vp x B

v  I B 2 +  y.rj B 2 +  i r j

- v - l
rjn

V± p  +  —  V|/> 
a 1

> — V • n vc =  S
?  1 B 2 +  y.rj

1)

F o r fu r th e r study  it is convenien t to  in tro d u ce  
d im ension less variab les . As a length  scale we in tro ­
d uce  the  average  m in o r rad iu s a o f  the  to ro id a l 
d o m a in  G. B0 is a reference  m agnetic  field  and 
0  =: a<P/B0 is th e  d im ension less elec tric  po ten tia l. 
T h e  fo llow ing su b s titu tio n s  a re  m ade:

B

P
B l

S a 2 

>]Bl

P *
n

~Bl

S ,
rjy.

< 7 0  

e g ( x ) p .

F rom  the exp lic it form  o f  the S p itzer resistiv ity  r] 
and  the  fr ic tion  coeffic ien t a we drive  fo r e g p

e g p  =

w here  ve; is th e  e lec tron -ion  collision  frequency  and  
Q  the  gy ro frequency . T he fac to r p  arises from  th e  
density  d ep en d en ce  o f  the  collision  frequency  ve j 
an d  g ( x )  describes the  spatia l v a ria tio n  o f  the  
n eu tra l back g ro u n d  and  the  m agnetic  field, e in d i­
cates th e  m ag n itu d e  o f  the  charge  exchange process, 
in a strong  m agnetic  field  it is a very sm all num ber. 
As a m easu re  o f  the  n eu tra l backg round  the  fu n c ­
tio n  g  (.y) is positive  and  b o u nded .

W ith  these  defin itio n s, only one scaling  p a ra m e te r  
£ and  the  m o d ified  source function  S  rem a in  in the  
equa tions. In d im ension less  term s the  eq u a tio n s  are  
w ritten

B~ +  e g ( x ) p  

V p x B
=  V-

- V '

B 2+  e g ( x ) p  

P
B 2+ e g ( x ) p  

- S 7 p v c =  S

S7± p  + V \p

(12)

T he d im ension less convective velocity  vc is d e ­
fined  by

V0  x B
t v  =

B 2+ e g ( x ) p

3. Boundary Conditions

In o rd e r  to  solve th e  system  (12) b o u n d ary  co n d i­
tions have  to  be  im posed . T he coup led  system  (12)



104 H. Wobig • A Dissipative Model o f Plasma Equilibrium

is quasilinear and o f second order in the variables. 
We consider a domain G with the boundary r .  The 
surface r  could be the last magnetic surface o f a 
vacuum magnetic field or the boundary of a vacuum 
tube. We assume r  to be a smooth surface with 
continuous second derivatives. The specific bound­
ary conditions for p  and <t> are the result o f a bound­
ary sheath model and cannot be given without 
further specification o f such a model. The simplest 
case would be a metallic wall as a boundary with a 
constant potential <2>r . Without loss o f generality we 
may assume a vanishing potential ® r =  0 on the 
boundary. This represents the toroidal equilibrium  
of a stellarator without loop voltage. Since the 
normal derivatives o f the potential on a conducting 
wall are not zero in general, a current j  flows be­
tween the plasma and wall. In the case of a noncon­
ducting wall the appropriate boundary condition is 
a vanishing plasma current into the boundary r .  
From j  - N  =  0 the resulting boundary conditions of 
the potential are

TV'
B2 +  OLtJ

aV 0  +  crV 0  +
1

B~ +  y.rj
Vp x B)  =  0 .

If the pressure p  is constant on the boundary, the 
last term in the brackets vanishes. In the case of 
these Neumann type boundary conditions the solu­
tion for 0  can be multivalued in the toroidal coor­
dinate, thus representing an equilibrium with a 
toroidal loop voltage. This loop voltage drives a 
toroidal net current as in a tokamak equilibrium.

With respect to p  either Dirichlet or Neumann- 
type boundary conditions could be required. In the 
case of Dirichlet boundary conditions the boundary 
value of the pressure p r  is assumed to be larger than 
zero. This assumption is essential insofar as the 
diffusion coefficient D ± remains finite on the 
boundary r ,  otherwise the derivatives of p  would go 
to infinity on the boundary. Boundary conditions of 
the mixed type are obtained if the diffusion velocity 
on the boundary is smaller than or equal to the ther­
mal velocity.

N ' jo  - P - 7 v i l  +  — v  4  =  ° p i \ h  on  r ,\ B +  e g ( x ) p  eg  J

where N  is the normal vector to the boundary r .
In the case o f 0  =  const on r  we find: N ■ vc =  0 

on r .  The convective motion does not carry plasma 
across the boundary. In the following we only con­

sider Dirichlet boundary conditions:

0  = 0  r =  o on f  ,

P — Pr  =  const, p r >  0 on f .  (14)

4. Existence Theorem

To abbreviate the notation we introduce two 
matrices A and D by

BtB k
Dik =  D 1 öik+ ( D  -  D ±)

d i k — A ± Ö i k + ( A  - A l )

B2 ’ 

B jB k 
B 2

(15)

with

and

e g ( x ) p  4 ,
A  . = — -------------------  a  |i =  l

B 2+ s g ( x ) p  ,l

D
B~ +  s g  ( x )p

, D> =

The correlation between Aik and D ik is Dik =  
\ / s g  Ajk. Furthermore we define a vector b by

Vp x B

B2+ E g  (x )p  

=  Vp ■ ( B  x V
1

V x B \
B2+ s g ( x ) p  B2+  s g ( x ) p  

=  V p b .  (16)

The vector b depends on sp  and on its first deriva­
tives D ]p. It also depends continuously on the mag­
netic field and its first derivatives. Furthermore we 
assume ^(.y) to be positive and continuously dif­
ferentiable. With the aid o f these definitions the 
system is modified to

— V A ( p ) V &  = b V p
-  v • d (p )  ■ V p  -  v c ■ p v - p y  ■ i\ .  =  s

(17)

with S >  0, n =  p  and boundary conditions (14).
The matrices A and D are positive definite:

X  Dik Vj y k ^  d  X  y}  - X  Aik Vi.Vk =  " X  }'<

for all vectors y  =  {y,]

d  =  min \D^,  D j , a =  min {Aj_,A:} .

Since D ± and A ± are proportional to p , it is 
required that p  >  0 in G + f .  otherwise d , a would
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become zero somewhere and the matrices would no 
longer be positive definite. On the other hand, only 
positive solutions of (17) are o f any physical rele­
vance. Therefore the basic question is: Under what 
condition does a unique solution o f the system (17) 
exist with p  >  0?

It can be easily shown that in case o f source func­
tion S  =  0 only the trivial solution 0  =  0, p  =  p r  
exists. By multiplying the first equation o f (17) with
0  and the second equation with lnp  and integrating 
over the domain G we obtain

v<£ ’ A ■ V 0 d 3x =  JJJ Vp ■ vcd 3x  ,
G G

I f f  —  VP D ' VP d *x +  III VP ‘ vc d 3x
G P G

=  H J S l n / ? ; / 3*
G

or

JJJ —  Vp ■ D -Vp d 3x -1- JJJ V 0 • A • V 0  d 3x
G P G

=  JJJ S \np d 3x .
G

(18)

In case o f S  =  0 the left side only vanishes if p  = p r  
and 0  =  0. Therefore it is expected that a nontrivial 
solution exists if  the source term is sufficiently 
small.

The existence theorem is based on the Fixed- 
Point method of Schauder [3, 4]. For this purpose a 
mapping T is constructed which maps a class o f 
positive functions n

N  =  {n: n ^  p r  in G , n = p r  on r }

into another class o f positive functions p

P =  { p: p  ^  Pr  in G, p - p r  on f ) .

If P  is a subset o f N, a fixed points exists under cer­
tain conditions. In order to construct this mapping, 
the system (17) is linearized in the following way:

- V - A ( n )  ■ V 0 = b • V«
-  V  ■ D(ri) • Vp -  f c ■ V/7 -  pV  ■ vc =  S

. (19)

Here A and D are analytic functions o f n, and vc is 
a linear functional o f n. For any given n e N  the 
system (19) is a linear system in p  and 0 .  Since the 
matrices A and D are positive definite, the two 
operators M = V  • A :V  and L =  V Z ):V  are elliptic 
and the linear problem reduces to a standard

problem o f second order differential equations. The 
solution o f (19) yields the required mapping T:

T: n —► p  .

The conditions o f the Schauder Fixed-Point theorem 
are the following:

(a) The set N  has to be a closed convex subset o f 
a Banach space,

(b) T has to be a continuous mapping o f N  into 
itself, with the image T N  being precompact.

This version o f the Fixed-Point theorem is given 
in the book o f Gilbarg-Trudinger. The main prob­
lem in the proof is condition (b). Let n be from the 
class C| 2, the class o f functions with Hölder-con- 
tinuous first derivatives. The norm in this case is 
defined as the maximum norm,

n || i,a =  max n - p r  +  max D xn +  n \ .

D l n is the first-order derivative of n, and //*  is the 
Holder coefficient. Any bounded subset o f C\ a with 

n | * <  Â o <  oo is a closed convex subset of a 
Banach space;

N = { n e  C hx \ n ^ p r I,a — * 0}

Having defined the class o f functions n, the first 
equation o f (19) reduces to a standard problem of 
elliptic differential equations. If the right-hand side 
o f M[<P] =  b Vn is Holder continuous and the coef­
ficients o f M  are bounded and from Ca, a unique 
solution 0  g C2 a exists [5], In order to satisfy these 
conditions, the magnetic field is assumed to be 
bounded with bounded first derivatives;

5 min <  B  <  B r
dBi

d x i
<  H B r

H  is a constant depending only on the domain G.
With respect to its arguments n, D ]n, g, B t , 

d B j / d x , the inhomogeneous term b. V« is continu­
ously differentiable, and therefore with 2?;, n, 
g e C] a the inhomogeneous term b ■ Vn belongs to 
Ca. The coefficients A ± , A are also continuously 
differentiable with A ± , A e Cx and dA±/ d x k e Cx. 
The coefficient A ± is bounded by

a =  min 1 -
B 2( x )

B-(.x) + e g minPr
<  A ± <  1 ,

which implies that a =  min {A± , A\\} does not de­
pend on K 0. The bounds on A ± only depend on p r
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and not on the specific choice o f n(x).  Also the 
upper bounds of the derivatives o f A± only depend 
on p r  and K 0. The dependence on £ max, g max, g mm 
is o f no importance for further consideration. The 
inverse operator M _l can be expressed in terms o f a 
Green’s function

0  =  j j j  K  (jc, x')  b • Vn d 3y  .
G

(20)

The basic property o f the solution 0  is the validity 
of the Schauder estimates [6, 7], which provide an 
upper bound for the norm 0  2,a;

^  Ii2,a <  C ( 0  0 +  b V/1 o.ot) • (21)

The constant C depends on the dimensions o f the 
domain G and the bounds o f the coefficients in (11). 
The maximum principle of elliptic equations [8] 
provides an upper bound of the norm 0  0:

(22)

Combining these two equations implies that the 
derivatives D ] <P and D 2(P are bounded by a con­
stant which is proportional to the maximum deriva­
tives o f n, and therefore the following estimate 
holds:

Ko
(23)

The constant K 2 depends on p r , K 0, e, and on G. 
The essential properties o f the coefficient K 2 are: 
K 2 —)> 0 with e —► 00 and K 2 —* oc with e —> 0. For 
every Finite e and K 0 given, there exists an upper 
bound on the First order derivative o f 0  and there­
fore on the electric field V0. The existence of such 
an upper bound represents the essential difference 
to the ideal MHD model. The finite friction term e 
prevents the electric field V<Z> from diverging and 
the plasma currents remain bounded.

In the second equation o f (19) the convective 
velocity is a given quantity. This equation does 
not always have a unique solution. A unique solu­
tion only exists if a nontrivial solution o f the hom o­
geneous equation does not exist. In (19 b) we define 
a new variable p  by replacing p  by p  +  p r • The 
boundary condition for this new variable p  is 
changed to p  =  0 on T:

- L [ p \ -  <v V p - p V - i c =  S  +  p r V- i'c . (24)

Any solution o f the homogeneous equation would 
satisfy the integral relation

-  JJJ Vp ■ D • Vpd^y  +  J(f ^  V • f cd>y =  0 .  (25)
G G 2-

The following estimate holds:

JJJ V p - D -  V p d 3y  g  d JJJ |V p s  d l o JJJp 2d 3y .
c c c (26)

where /.0 is the lowest eigenvalue of the Laplace 
operator in G. If V • rc can be made small enough, 
such that

max V t c <  2 d Aq , (27)

(25) cannot be satisfied by p  0 and the homoge­
neous equation has no nontrivial solution. With
V • i ' =  b V 0  we obtain

max V-/-c ^  max b K 2 — - .
a

(28)

Therefore, by combining (27) and (28) a condition 
for a unique solution is

max b K 2K c\ <  ad Än . (29)

The lowest eigenvalue o f the Laplacian / 0 only 
depends on the domain G. For large e the minimum  
d  =  l /£ ^ maxm in ^ 1 is o f the order 1/e, whereas the 
left-hand side o f (29) scales as 1 /e2. If the friction 
term e is large enough, the condition for a unique 
solution can be satisfied.

In order to obtain positive solutions of (24), the 
effective source term S +  p r V ■ i \  has to be positive. 
This certainly the case if

p r  max V- vc everywhere in G . (30)

This condition is certainly satisfied if

K 0
p r  max b K 2 -----<  S min .

a
(31)

To prove the existence of positive solutions /?, use is 
made again o f the maximum principle of elliptic 
operators. With (24) written in the form

-  {L[p]  +  vc -Vp  + p { y -  i'c- p ))  = S] +  / i p  ,

/; =  m ax'V 'C c , S\ =  S +  p r V • vc , (32)

the solution is found by the following iteration 
process:

- L * [ P n + \ ]  =  5 , +MPn-  (33)
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The iteration process converges if  inequality (29) is 
satisfied. L* is the operator in braces. For every 
p„ ^  0 the right hand side o f (32) is positive 
because of

(34)

the maximum principle holds for the operator L* 
and the solution p n+x is nonnegative, and conse­
quently the solution o f  (24) is nonnegative. Accord­
ing to the existence theorem of the Dirichlet prob­
lem the solution p  belongs to the space C2 a. Follow­
ing the Schauder estimates the norm p  2a is 
bounded by the norm ||p ||o and the maximum of 
the inhomogeneous term:

P II 2,3 =  C2(|| p  || o +  II Si || o,a) • (35)

The constant C2 depends on e, p r , K q and the 
domain G.

Here we need further estimates on p  0. From 
the equation L*[p]  =  S ] + p p  the maximum prin­
ciple yields

max p  ^  C3(e, p r , K 0, G)

or

p  o = max p  ^
1

1 ~ C 3p / d  d

max | 5] + p p '

C3
—  max S,

(36)

(37)

The denominator remains finite if  p  is small enough: 
1 — C3ju/d >  0. The result for the p  "\2 a norm is

P h *
c.

! 0,ad -  C 3p

II P II 2,a =  CA(e , p r , K 0, G ) I 5] || o,a

The final result is: The mapping T: n -  
bounded set o f functions

Si Ho.af

(38) 

p  maps the

N =  {n e  C l,a n 1,2 S i K n}

and

P { p  £ C2.a , p  || 2 ol =  C4 S\ o,a!

By a suitable choice o f  the source term S] the norm 
p  \2a can be made so small that P  is a subset o f N  

which implies

C4 US, 10, ^ * 0 - (39)

In summary, three conditions have to be satisfied: 

Condition (29) for a unique solution o f (24),

Condition (30) or (31) for a positive solution o f  
(24);
Condition (39) in order to make P a subset o f N.

These conditions determine the parameter range of 
S, e, and Kq, where a solution of the nonlinear prob­
lem exists. The accessible parameter regime o f K 0 is 
bounded by condition (31); with S -*■ 0 this yields 
the trivial solution p  =  p r , <£ =  0. For a given K Q, 
condition (31) can be satisfied if we choose e large 
enough. Since K 2 scales as 1/e2, this is always pos­
sible. T maps bounded sets in C] * into bounded sets 
in C2 * which are precompact in Q  * and C2 accord­
ing to Arzela’s theorem. As shown in Gilbarg- 
Trudinger [9] this property is essential to prove the 
continuity o f the mapping T. The proof follows the 
same line as given in their book and the final state­
ment can be made:

Let G be a bounded domain with a smooth bound­
ary r. The boundary conditions are:

<2> =  0 on T  , p  =  p r  >  0 on T .

The magnetic f ield may be continuous with continu­
ous first derivatives. Under these assumptions the 
system (12) has a unique solution <T> e C2 a and 
p  e  C2 a i f  by a suitable choice o f  e the conditions (29) 
and (31) are met and the source term S', is small 
enough so that p  2,a <  K G is satisfied.

In more physical terms condition (29) requires 
the convective velocity to be small. A small convec­
tive velocity results from large friction forces. In the 
limit £ -+  00 or g p e >  B 2 the system (12) is sim pli­
fied to

A(P =  —  V
£

V/> x B

gp

-  V  - j —  -  fV  • p  i'c =  eS

(40)

In this limit the convective velocity is o f the order 
\h:2. If we choose £ large enough, the conditions 
(29) and (30) can always be satisfied. With decreas­
ing friction the convective velocity grows and at a 
critical value o f £ the conditions (29) for uniqueness 
of solutions are no longer met. At this point a bifur­
cation may occur and several solutions could exist 
beyond this limit. Violation o f condition (30) means 
that the effective source term S, may becom e nega­
tive. If a negative pressure arises, however, in a sub- 
domain of G this destroys the ellipticity o f the
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differential operators. The other limit e -> 0 leads to
V p  -*■ 0. In this limit the ellipticity o f the system is 
also destroyed and the plasma and magnetic field 
are closely coupled again.

5. Low-beta Expansion

In system (12) the magnetic field is a given quan­
tity. As can be seen from (15), the derivatives of B 
enter into the problem. The plasma current j  de­
pends on V 0 and Vp. In dimensionless units it can 
be written

/ - ... V 0  v,4>
B 2 +  e g ( x ) p

1

B 2 + e g { x ) p
W p x B . (41)

sure only depends on 5  and the magnetic field does 
not enter into the equation for p. The problem  
reduces to

W x B = j -  V B =  0 , (42)

j  =  — V 0 --------V In p  x B ,
g e

-  A (P =  —  V ---- (V ln/? x Z?).
e g

(43)

(44)

From this current another magnetic field B x can be 
calculated. The classical result o f this problem states 
that B is bounded and has bounded derivatives if 
the current j  is Holder-continuous. But this is the 
case since <t> and p  are the solution of a uniformly 
elliptic system. Our solution procedure again pro­
vides a mapping o f one set of magnetic fields B into 
another set B. In order to prove the existence of a 
fixed point, the procedure follows the same lines as 
described above for 0  and p. The magnetic field B 
is split into a vacuum field Bv and a field B generat­
ed by the plasma currents. A Banach space M B of 
functions B is constructed with the norm

B l a =  max B -I-max D B  + H %[DB] .

The derivatives o f B have to be Holder-continuous. 
We consider a bounded subset M  a  which is 
small enough to satisfy conditions (24) and (25). 
This subset is compact and convex. The mapping 
B —► B\ defined by V x j B] = j [ B ]  maps M  into itself 
if  y can be made small enough. This can be achieved 
by a sufficiently small source function S. As has 
been shown in the former section the upper bounds 
of V 0  and Vp depend on S  and can be made 
sufficiently small by a proper choice o f the source 
function. Small S  implies a small plasma pressure. 
We may therefore conclude:

Within the dissipative MHD-model there exists a 
selfconsistent equilibrium if the plasma pressure is 
sufficiently small.

To illustrate the situation let us return to the limit 
o f large friction. If e is made large enough. V- p t c 
can be neglected in the second equation. The pres­

Since j  depends linearly on Vln/?, it can be made 
arbitrarily small for any given magnetic field B. 
Consequently, the iterative solution o f (42) will con­
verge if Vln/; is made small enough.

6. Closed Magnetic Field Lines

The critical problem o f the ideal MHD equilib­
rium is the behaviour at rational magnetic surfaces. 
The current density diverges beyond limits if  the 
| d / / #  =  const condition is not satisfied. The dissi­
pative model eliminates this divergence since V0  
and V/? are bounded. In the case o f small friction, 
however, the current density may becom e very large 
and may lead to rapid destruction o f the magnetic 
surfaces.

To illustrate the behaviour at rational magnetic 
surfaces we consider the extreme case where all 
magnetic field lines are closed. The rotational trans­
form is a constant and may be a rational number 
(/ =  n/m).  Furthermore we go to the limit o f small 
e ( e g p  <  B 2). The diffusion parallel to the magnetic 
field becomes very large compared with the perpen­
dicular diffusion. Consequently pressure and poten­
tial vary only little along the magnetic field lines 
and can be written in the form

P = P o  + P i ,  0  =  0 0 + 0 1 -

P o  and 0 O are independent o f the parallel coordinate 
/ but may still depend on e.

V 0 O= 0 , V, /70 =  0 .

Equations (12) are reduced to

w o-  V

-  V'

l ' ,=

B-

P o

0 q +  v  0 1 f —V V p p x B
B 2

B l

V 0 O x B

~B2

v i Po + -----v  P\) -  V - p 0i>c=S,

(45)
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The terms containing p | and are eliminated by 
averaging along the magnetic field lines. The aver­
aging process is defined by

§ f d l / B
f $ d l / B  '

With

B B
H 2

V<2>V-V 0 ,  =  V —  (B V 0 ,) = B  V

we obtain

V-V 0 1 =  0 .

As perpendicular coordinates we introduce the two 
Clebsch variables y/ and x defined by B =  S7̂ x V / .  
The three-dimensional volum e element in this coor­
dinate system is

d /
d-** = —  di//d/ .

The averaging process defines two new second order 
differential operators M ± and L ± by

gp  o 
B 2 v ± ^ o (V,x) , (46)

LÄPdV,x) \  = v ’ S/±Po(V,x) ■ (47)

The operators -  M ± and — L l are hermitian and 
positive definite as can be seen from

-( 'i’o.MJ'Z’o]) = ~ H

=  ~ l ! f  W
G

=  f n v j . ^ 0
G

>  0 .

gp  o 
B2

gpo
B

V± 0 od 3x 

Vj_ 0 od 3jc

(48)

A similar relation holds for the operator L ± . In 
averaging the other terms along the magnetic field 
line we assume the magnetic field to be a vacuum  
field. This could be considered as the first step o f a 
low-/? expansion. As a parallel coordinate the mag­
netic potential U =  B dl  is introduced. It then fol­
lows that

dl  _  Vp0xB .
—  V- F0 =  d U 
B B J

Here q =  § d l / B. The brackets [ ,  ] are the well 
known Poisson brackets. In a similar procedure the 
average on V • p 0t c yields

f d / _  V 0 ox B
y~B P o— ~b 2—  =  p °^0Q ' ^  +  q 0̂ ° 'p ^ -

The averaged equations are

-  eM±[0 o] = [po,q]
L±[Po] -  Po[&o,q] -  q[&o,Po] =  S

(50)

The mathematical structure o f these equations is o f 
the same type as the full system (12). Therefore the 
same conclusions with respect to existence and 
uniqueness o f solutions can be drawn.

7. Relation to Thermal Convection

The system (50) has a close similarity to the 2- 
dimensional Benard problem of a fluid heated from 
below. Let U (x ,y )  be a gravitational potential and 
V v a viscosity term. The equations o f thermal con­
vection are

Vp =  - V v  +  ß ( D V U ,  (51)

- V - x V r + V -  T v =  Q ,  V • i ’ =  0 . (52)

All quantities are assumed to be independent o f the 
r-coordinate. Inertial terms are also neglected in this 
approximation q ( T )  = q0 +  y. T,  (a <  0), is the tem­
perature-dependent density o f the fluid. Introducing 
the stream function <£ by

v -  V 0  x e

with e being the unit vector in 2-direction, one can 
modify the first equation to

— V • (ex V(i')) =  i e  ( V r x VU)  (53)

or

- V  - ( exV(i ' ))  =  z[T,  U].

The derivatives in the Poisson brackets are taken in 
x, y  coordinates. The temperature equation can also 
be rewritten in terms of Poisson brackets:

V - x V T - [ T , < P ]  =  Q . (54)

1 o
> 

ha 1 o 6 / 1  \ dp 0 f Ml ll ha 1 o dq 1 1 ha 1 o dq

1 d x \ B 2 ) 0 * d v  \ B 2 !\ difj 9 / d v
[Po,q] ■ (49)
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The mathematical structure o f these equations is 
the same as in (50), except that the operator

— V ■ (e x  V(S/cp x e ) )

is o f 4th order in .r, y,  whereas M± (<£>0) is o f second 
order. The role of the gravitational potential is 
played by the function q =  § dl/B.  In the limit e =  0, 
^-surfaces and pressure surfaces coincide. Owing to 
this similarity to thermal convection, similar phe­
nomena as known from this problem are expected in 
a plasma:

unique solution at large friction (corresponding to 
a low Rayleigh number); bifurcation and the onset 
of convection if the friction term decreases.

In a plasma with shear this onset o f convection is 
localized to the neighbourhood o f rational magnetic 
surfaces. The localisation depends on the magnitude 
o f shear and friction terms.

8. Discussions and Conclusions

Deriving the two equations for p  and <2>, we 
assumed an isothermal plasma with T =  const. This 
restriction is not very essential, it can easily be 
abandoned by including the equation of thermal 
transport

V q  +  V - 3 / 2 ( n T v )  +  n T V v = Q .  (55)

q is the heat flux:

q =  - x \ V \ \ T - x 1 Vx 7 \

* , x± being the thermal conductivity, and Q is the 
heat source. This would add another elliptic equa­
tion for T to the system (11) and the procedure for 
proving the existence o f a solution would remain 
essentially the same.

The low-/? expansion as proposed by Spitzer does 
not exclude the formation o f magnetic islands and
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the ergodisation o f field lines. Recently, this effect 
was extensively discussed by Boozer and Reiman 
[10]. In the iteration scheme discussed above similar 
effects may occur. The solvability o f  the system (11) 
or (12), however, does not depend on topological 
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magnetic field, as can be seen from (11). With the 
source function S  fixed, this would lead to a de­
crease o f V 0  and Vp and therefore to a reduc­
tion o f the plasma currents j  via (9). Since the 
plasma currents are responsible for the destruction 
o f the magnetic surfaces, this introduces a stabiliz­
ing feedback mechanism into the iteration scheme. 
It is expected that destruction o f magnetic surfaces 
leads to faster convergence o f the iteration proce­
dure than without destruction, but it results in a 
lower value o f ß.

In practical cases o f a fusion plasma the friction 
term i v  is a small effect. We have to expect either 
several solutions o f the system (12) or non-station- 
ary convection as is well-known from the Benard 
problem. But here other effects such as inertial 
forces and viscous forces neglected so far may play 
an important role, which is beyond the scope o f this 
paper. The present model might be useful for ana­
lyzing the decoupling o f the plasma and magnetic 
field and the convective processes arising around 
rational magnetic surfaces. The effect of field line 
ergodisation can be studied in this model. In a 
further study viscous effects will be included and 
the stability analysis o f the convective state will be 
undertaken.
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